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Abstract

When the numbers of treatments are greater than the available blocks in 3% factorial experiments, confounding
becomes very necessary. Confounding is necessary to reduce the block size as well as reduce the experimental
errors. 32, 3% and 3° factorial experiments were considered. In 32 experiments, the AB and AB? were
recommended for confounding. Similarly, confounding ABC and ABC? are recommended since two main
effects are found in a block which can be used for experimentation. Confounding ABC and ABZ2C is also
recommended since two main effects are found in a block which can be used for experimentation. On the
contrary confounding ABC? and AB2C? are not recommended since only one main effect is found in a block.
Furthermore, in 3% factorial experiment in 32 blocks using ABC, ABC?, AB2C and AB2C? as defining contrast,
ABC and AB2C? as well as ABC? and AB2C should not be confounded since they aliased with the main effects
when used during fractional replication. However, in 3 factorial experiments no main effect is aliased with
(Lthe lowest treatment. In generalized interactions, ABCD and ABCD? as well as ABCD and ABC?D are
recommended for confounding since three main effects are seen in a block. In contrast, the following pairs of
interactions are not recommended for confounding because only two main effects are found in a block: ABCD?
and ABC?D; ABCD? and AB?CD; ABC?D and AB?CD.
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Introduction

By 3 factorial experiment we mean a factorial experiment involving k factors each of which
occurs at 3 levels. The factors are represented by Latin letters A, B, C etc and the levels of each
factor by 0, 1, 2 where 0 is the low level, 1 is the intermediate level and 2 is the high level.?
When the block size is smaller than the number of treatment combinations in one replicate in 3%
factorial experiment, confounding becomes necessary. Confounding is therefore a design
technique for arranging a complete factorial experiment in blocks. In this technique, some
information usually the higher order interactions are confounded in blocks. This means that
information about the confounded interactions is lost. It is because of this that the main effects
are not chosen for confounding. A 32 factorial design is the simplest design with 9 treatment
combinations and 8 degrees of freedom. The higher the value of k, the higher the treatment
combinations.Each main effect has two degrees of freedom, and every two-factor interaction
has four degrees of freedom, these two factor interactions can be decomposed into four
components interaction. While every three-factor interaction has eight degrees of freedom and
can be decomposed into four components of interaction with two degrees of freedom each,
[1].The 3% factorial design may be confounded in 3° balanced incomplete blocks, where b < k.
In designing a 32 factorial design in 3! blocks, we shall have 9 treatment combinations and 3
blocks with 2 degrees of freedom. Similarly, if b = 3 we shall have 27 blocks with 26 degree of
freedom and so on. The procedure is to select b independent effects to be confounded with
blocks.By independent we mean that no effect chosen is the generalized interaction of the others;

as a result, exactly3bib—1 other effects are automatically confounded. These effects are the
2

generalized interactions of those effects originally chosen, [1].

The choice of confounding for 2% when k > 2 was considered by [2]. In his findings, the choice
of confounding depends on the number of factors, the number of blocks and the block sizes and
he recommended partial confounding for the interactions that cannot be confounded.
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Factorial experiment conducted in randomized complete block design was compared by [3],
complete confounding, partial confounding and half fractional replication, using mean squares
error to evaluate the results of the study. In his conclusion, the result of the analysis of variance
showed that the fractional factorial designexhibited is the highest accuracy in estimating the
effects and was the best in saving time and cost.

In construction of confounding for mixed factorial experiments[4] developed a method for
constructing confounded asymmetrical factorial designs. In his paper, he also presented a single
replicate confounded asymmetrical factorial design.

A method for identifying confounded effects in factorial designs was developed by [5], whether
symmetrically or asymmetrically arranged in any simple block structure. This method is an
extension of those commonly used for symmetrical factorial designs with prime number of
levels and a single block category.

In confounding functions for use with binary outcomes [6] illustrated the approach with
example. The implementation of the approach was done using strata and R softwares and in
conclusion, states that the confounding function approach is a useful method for assessing the
impact of unmeasured confounding.

The application of a three-factor factorial design to determine if there is a significant difference
in the mean yield of maize in Nigeria with respect to the effect of fertilizers, herbicides and
water volumes was examined by [7]. The research was done using 3° replicated factorial designs
with 8 replicates per cell. Their result revealed that among others that there is significant
difference in the fertilizers effects on the yield of maize with a significant value of 0.000.

This work is set to (i) confound an appropriate interaction for 32 factorial experiment in 3* blocks
(i) choose the appropriate generalized interaction in 32 factorial experiments in 32 blocks and
(iii) choose the appropriate generalized interactions when k > 3.

Methodology
In this section, the method in confounding the 3* factorial design in 3° blocks of 3® observations
each where b<k will be discussed.

Albelian Algebra Module 3
We specify the b components of the interactions to be confounded in the block of size 3¥®. An

additional l(gb _2_1) generalized interactions are observed to be confounded in blocks.
2

The next stage is to construct the defining contrasts using the general expressions
L = X +a,%, + ..+ o X,
L, = BiX + %, + ...t BiX
(2.1)

Ly = &X + 5%+ G X
Where, x isthe i"™ factor appearing in a particular treatment combination.

oy, B, & are the exponents appearing in the first and second generalized interactions
respectively.Wehave ¢, =0,1, or2; 5 =0,1, or2; ...£ =01, 0r2 and x =01. The

treatment combinations with the same pair of vaIues(Li,...,Lb)are assigned to the same
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blocks.The treatments are closed with respect to addition module 3. This means that addition of
any two treatments in the block gives a treatment already in that block. The content of the other
block can also be generated by addition module 3 of the treatment that is not in the principal
blockk to each of the treatment in the principal block.This method is the full factorial experiment
for 3%

Effects and Interaction for 3K Experiment

This subsection helps us for all possible confounding generalized interactions. For example, let
k = 3 we shall have the following effects/interactions and the corresponding defining equations
as shown in Table 2.1

Table: Effects and Interaction for 32 experiment
Effects/Interaction Defining equation

A X
B X,
AB
AB X, + X,
AB? X, + 2X,
C X
AC
AC{ 2 X + X
AC X, + 2X,
BC Xy %
BC ,
BC X, + 2%
ABC X+ X, + X,
ABC? +X, +2X
ABC , Xl 2 3
AB?C X+ 2% + %
AB’C’ X, +2X, + 2%,

Depending on the 3° blocks, the content of 3% can be generated from the generalized
interactions.

To choose the symbols in 3% we shall have i(gk -1) symbols each represents two degrees of
2

freedom.
In general, the 3 experiment, representing

A,A..A the %(Bk —1) symbols can be written as A", A?,..., A* where ¢; =0,1,2(i =1,2,...,k)

For example, in 32 experiments, there will be 3 symbols and their defining equations will be of
the form

X + o, X, + X, =0,1,2 module 3

Fractional Replication of the 3¥ Factorial Design
For larger value of k, a large number of runs will be needed. For this type of case, fractional
replication of these designs will be needed.

If k = 3,4,5,,,, the larger fraction of the 3% factorial design is one-third fractions that will have
3% runs. The number of treatment combinations that will be needed for this fraction will be 9
for a proper and reasonable fractional replication.
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Analysis of 3% factorial Experiments.

The factors will be considered as if they are all quantitative and study their linear and quadratic
effect and as well as their interactions, then finally regroup this for total effect and linear
contrasts where appropriate.

The step by step algorithm for the 3 factorial experiment is as follows: -
Step I: Column (1) contains the treatment combinations. The treatments are introduced one at a
time, each level being combined in turn with every combination of the level above it.

Step II: The observations are put in column 2 against corresponding treatment combinations
Step 111: Group the observations in 3s, first third of this column is made up of the sum of each
of the three groups of the three observed value in the same group of the three. This estimates
the linear components. The last third is the sum of the first and the third minus twice the second
value. This estimates the quadratic components.

Step IV: Repeat step Il using values in step Il1.

Step V: Column 5 designates the effects being estimated.

Step VI: Obtain the sum of squares for each effect by squaring corresponding entries in column
4 and dividing by appropriate coefficient contributing to these effects. The general formular for

calculating the divisor is 2° x3%xn where

P is the number of factors in the interaction.

q is the number of factors examined in the entire experiment minus the number of linear
terms in the interaction.

n is the number of replications.

Also note that:

0 is the lowest level

1 is estimating the linear effects °

2 is estimating the quadratic effects.

Results and Discussions
Confounding ABand ABZ in a factorial design of 3%in 3" blocks.
The linear equation for ABand ABZ?are as follows

AB =X +X,

AB? = x, +2X,

The treatment combination for 3 factorial experiment are 00,01,02,10,11,12, 20, 21,22 . From
equation (2.1), the linear equations are given below.

00:L,=0+0=0; 01:L, =0+1=1;
02:L,=0+2=2 10: L, =1+0=1,
11: L, =1+1=2; 12:L, =1+2=0;
20:L,=2+0=2; 21:L, =2+1=0;
22: 1L, =2+2=1
The contents of the blocks and the corresponding treatment contents are
Blockl Block 2 Block3 Blockl Block?2 Block3
00 01 02 00 B, B,
12 10 11 A B, A A B,
21 22 20 AB. A?BQ A)
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From the treatment in the block, AB interactions can be confounded since in block 2, two main
effects of B_and A _can be chosen for experimentation as well as block 3 where B, and A,

are found.
Similarly, the block contents for AB? are presented below

00 02 01] ( 00 B, B,
11 10 12| |AB A AB,
22 21 20] | AB, AB. A,

AB?Z can also be confounded since two main effects are found in block 2 and block 3.
Confounding ABC and ABC? in 3% blocks.

In this case, two interactions will be confounded and thereafter %(3b —2b-1) additional
interactions will be confounded. The additional interaction is

ABC x ABC? = (A’BC®)? = A’B*C® = AB

The linear equations are shown below

L=X+X,+X,=0; LL=X,+X,+2X, =1 Li=X,+X,+0=2

The standard order for 3% is 000, 100, 200, 010, 110, 210, 020, 120, 220, 001, 201, 011, 111,
211, 021, 121, 221, 002, 102, 202, 012, 112, 212, 022, 122, and 222.

Using equation (2.1)the block contents and the corresponding treatment contents are

Blockl Block 2 Block3a Blockl Block?2 Block3
000 100 200]( @) A Ay
210 010 110 || A,B, B, A B,

120 220 020 || A B, A.B, B,

Block4 Block5 Block6 Block4 Block5 Block6
001 101 201]( C, AC, A.C,
211 011 111 || A,B.C, B,C, AB.C,
121 221 021]( A B,C, A,B,C. B.C.

Block7 Block8 Blockg ~ Block? Block8 Block9
002 102 202 C, A C, A.C,
212 012 112 || A,B.C, B.C, ABC,
122 222 022 || A B,C, A,B.C, B.C,

Confounding ABC and ABC? is recommended since two main effects of A_ and By are found
in block 2 as well as A, and B, found in block 3 which can be used for experimentation.
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Confounding ABC and AB2C
Similarly, the block and treatment contents for confounding ABC, AB2C are shown below

Blockl Block2 Block3 Blockl Block2 Block3
[000] [100] 200( (V) A Ay
201 001 101 || A,C, C, AC,
1102 | 202 | 002]| A C, AC, C,
Block4 Block5 Block6 Block4 Block5 Block6
010 | (110 | 210]( B, A B, A.B,
211 011 111 || A,B.C, B.C, A B.C,
112 212 012]| A B,C, A,B.C, B.C,
Block7 Block8 Block9 Block7 Block8 Block9
020 120 220]( B A B, AB,
221 021 121 || AB, B,C. A B,C,
122 222 022 A BQCQ A, BQCQ BQCQ

Confounding ABC and ABZ2C is recommended since two main effects of A_ and Cy are found
in block 2 and Aq and Cq found in block 3 which can be used for experimentation.

Confounding ABC? and AB?C?
Also, the block and treatment contents of confounding ABC?, AB2C?are shown below

Blockl Block 2 Block3 Blockl Block?2 Block3

000 ] (100 | 200 ( (1) A A,

101 201 001 || AC, AC, C,

1202 | 1002 | 1102 |{ A,C, C AC,

Block4 Block5 Blocke Block4 Block5 Block6

1010 (110 ] [210]( B, A B, A.B.

111 211 011 || AB.C, A,B.C, B.C,

1212 1012 1112 || A,B,C, B.C, A B.C,
Block7 Block8 Block9 Block7 Block3 Block9

020 120 220 B, A B, AB,

121 221 021 || A B,C, A.B,C, B.C,

222 022 122 || A,B.C, B.C, A B,C,

Confounding ABC? and AB2C? is not recommended since only one main effect is found in a
block which cannot be used for experimentation.
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Confounding AB?C and AB? C?
The block and treatment contents for confounding AB?C, AB*C? are

Blockl Block 2 Block3 Blockl Block2 Block3
000 100 200 ( (1) A A,
110 210 010 || A B, A.B, B,
220 020 120 | A,B, B, A B,
Block4 Block5 Blocke Block4 Block5 Block6
001 101 201]( C, AC, AC,
111 211 121 || AB.C, A,B.C, A B,C,
1221 021 011 ]| A,B.C, B.C. B.C,
Block7 Block8 Blockg Block7 Block8 Block9
002 102 202]( Cq AC, ACq
112 212 012 || A B.C, A,B.C, B.C,
222 022 122 || A,B,C, B,Cq AB.C,

Confounding AB2C and AB?C? is not recommended since only one main effect of AL Aq and
CvL and Cq are found in blocks 2, 3, 4 and 7 which cannot be used for experimentation.

Fractional Replication

When k>3, the experimental runs will be too large hence the need to replicate the experiment.
If k = 3,4,5,,,, the larger fraction of the 3% factorial design is one-third fractions that will have
3%1 runs.

To construct this design, select a two degree of freedom component interaction preferably
interactions with higher order and partition the 3* design into three blocks.

We shall begin with 3% in 32 blocks using ABC, ABC?, AB?C and AB?C? To select the
interactions to be confounded, we shall aliase the two interactions with the lowest treatment
contribution denoted by (1) as seen below.

(1) = ABC x ABC? = (A’B*C®)* = A'B“C° = AB

(1) = ABC x AB*C = (A’B’C?)* = A'B°C* = AC

(1) = ABC x AB*C? = (A’B°C®)* = A'B°C° = A

(1) = ABC®x AB’C = (A’B*C®)? = A'B°C° = A

(1) = ABC? x AB*C? = (A*B°C*)* = A*B°C® = AC

(1) = AB°C x AB’C? = (A’B“C®)* = A"B®C° = AB

ABC and AB2C? as well as ABC? and AB?C should not be confounded since they aliased with
the main effects.

The required number of block contents for a good replication is 9. The design is3™"x3*. As k
increases the value of r decreases until the required divisor gives the required number of 9
treatment combination.
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A 33 design has 27treatment combinations per replication, a 3* design has 81, a 3° design has
243 and so on.

If k= 3, the 3“* runs will be 3'x 3% = 9 as required

If k=4, the 3% runs will be

3'x3'=81

37x3"'=9 a5 such 32 x 3*is used for experiment.
If k=5

3'x3® =243

32x3 =27

37 x3° =9 which is used for experimentation.

To find out which interaction to confound in the generalized interaction of ABCD, which are
ABCD, ABCD? ABC?D, and AB2CD we aliase them with (1)to have

(1) = ABCDx ABCD? = (A2B°C°D?) = A‘B“C*D® = ABC
(1) = ABCD x ABC?D = (A?B’C°D?)? = A*B“C°D* = ABD
(1) = ABCD x AB’CD = (A’B°C2D?)? = A*B*C*D* = ACD
(1) = ABCD x ABCD? = (A’B2C2D®)? = A*B“C*D® = ABC
(1) = ABCD’ x ABC’D = (A’B°C°D®)’ = A*B*C°D® = AB
(1) = ABCD? x AB’CD = (A’BC?D?)* = A‘B°C*D® = AC
(1) = ABC’Dx AB’CD = (A’B*C°D?)? = A“B°C°D* = AD

FOR k =5,
Using ABCDE, the interactions are ABCDE, ABCDE?, ABCD’E, ABC’DE, AB2CDE

(1) = ABCDE x ABCDE? = (A’B2C*D’E®)? = A‘B*C*D*E® = ABCD
(1) = ABCDE x ABCD’E = (A’B’C’D’°E?)? = A‘B*C*D°E* = ABCE
(1) = ABCDE x ABC’DE = (A’B’°C°D’E?)’ = A'B‘C°D*E* = ABDE
(1) = ABCDE x AB’CDE = (A2B°C2D’E?)? = A*B°C*D*E* = ACDE
(1) = ABCDE? x ABCDE = (A2B’C°D°E®)’ = A*B‘C*D°E® = ABC
(1) = ABCDE? x ABC?DE = (A’B*C°D?E®)’ = A’B‘C°D*E® = ABD
(1) = ABCDE? x AB’CDE = (A’B*C’D?E®)? = A*B°C*D“E® = ACD
(1) = ABCD?E x ABC?DE = (A’B*C°D°E?)’ = A'B‘C°D°E* = ABE
(1) = ABCD?E x AB’CDE = (A’B*C’D°E?)? = A‘B’C*D°E* = ACE
(1) = ABC’DE x AB’CDE = (A’B°C°D?E?)? = A‘B°C°D*E* = ADE

It is easy to see that as k>3, no main effect is aliased with (1).

Conclusion

In 3% experiments, the AB and AB? were recommended for confounding while in 3* factorial
experiments, confounding ABC and ABC? is recommended since two main effects are found in
a block which can be used for experimentation. Similarly, confounding ABC and ABZC is
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recommended since two main effects also in a block which can be used for experimentation. On
the contrary confounding ABC? and AB2C? is not recommended since only one main effect is
found in a blocks which cannot be used for experimentation.

In 33 factorial experiment in 32 blocks using ABC, ABC?, AB2C and AB?C? as defining contrast,
ABC and AB?C? as well as ABC? and AB?C should not be confounded since they aliased with
the main effects during when fractional replication is needed.

However, in 3* factorial experiments no main effect is aliased with (1). In generalized
interactions, ABCD and ABCD? as well as ABCD and ABC?D are recommended for
confounding since three main effects are seen in a block. In contrast, the following pairs of
interactions are not recommended for confounding because only two main effects are found in
a block: ABCD? and ABC?D; ABCD? and AB?CD; ABC?D and AB°CD.

References

[1] Montgomery, D. C. (2013). Blocking and Confounding in the Factorial Design". Design and
Analysis of Experiments (8th ed.).Wiley. pp. 420-466.

[2] Eze F. C. (2019). Choice of Confounding in the 2% Factorial Design in 2° Blocks.Academic
Journal of Applied Mathematical Sciences. Vol. 5, Issue 5, pp:50-56.

[3] Ahmed LA (2016). Confounding and Fractional Replication in Factorial Design.Journal of
Mathematical theory and modelling.Vol 6, No 3.

[4] Ghosh D.K., (1989). Construction of confounded designs for mixed factorial experiments.
Journal of Statistical Planning and Inference. Vol. 23, Issue 2, pp 253 — 261.

[5] Bailey, R. (1977). Patterns of confounding in factorial designs. Biometrika, 64, 597-603.

[6] Jessica Kasza, Rory Wolfe, Tibor Schuster (2017), Assessing the impact of unmeasured
confounding for binary outcomes using confounding functions, International Journal of
Epidemiology, Volume 46, Issue 4, Pages 1303-1311, https://doi.org/10.1093/ije/dyx023

[7] SulaimonMutiu O, AlakijaTemitope O, AjasaAdekunle O, Abe Joachim B, Ale
OlagokeOluwaseun E, AjayiOluwatoyin (2016), Application of Three-Factor Factorial
Experimental Design with 8 Replicates per Cell: A study of Maize Yield. International
Journal of Research.Vol. 03, Issue 14.


https://doi.org/10.1093/ije/dyx023

