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ABSTRACT

Let X;,Y; (i = 1,2,...,m) be Hilbert spaces, let C;,K; (i =1,2,...,m) be closed convex nonempty
subsets of X; and Y; respectively and let A;:X; - Y; (i = 1,2,...,m) be bounded linear operators.
The problem of finding x; € C; such that A;x; € K; (i = 1,2, ..., m) is called the multiple split feasibility
problem (MSFP). We introduced the multiple split feasibility problem (MSFP) as a natural
generalization of the classical split feasibility problem and modify the relaxed CQ algorithm for
solution of the split feasibility problem (SFP) for the iterative solution of the MSFP. We establish the
weak convergence of this modified algorithm under very mild conditions on the iterative parameters.
Using an Ishikawa like process, strong convergence is established.
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Introduction
Let H;, H, be two real Hilbert spaces, C € H; and K S H, closed convex nonempty subsets
and A : H, — H, a bounded linear operator. The split feasibility problem (SFP) is the
problem of finding x € C such that Ax € K. This was introduced by Censor and Elfving
(1994) and was motivated by phase retrieval and other image reconstruction problems in signal
recovery and wave theory. The multiple split feasibility problem (MSFP) extends this idea by
considering several sets and operators simultaneously. Let X;,Y; (i = 1,2, ..., m) be Hilbert
spaces, let C;,K; (i =1,2,..,m) be closed convex nonempty subsets of X; and Y;
respectively, let A;:X; = Y; (i = 1,2, ..., m) be bounded linear operators. The problem of
finding x; € C; such that A;x; e K; (i = 1,2,...,m) is called the multiple split feasibility
problem (MSFP).
Observe that if
X =1l %, Y=ILY

. C=1IZ:G, K=IIZ. K

A= (AL A, ADT, x* = (x,x5, ., x0)T
then the MSFP can be defined as finding x* € C such that Ax* € K, using the product
topology approach.

(1.1)
The set of solutions of the MSFP, when it exists, is given by

I[={x"eC|Ax eK}=C n A7 K, (i=12,..,m)

or
P= {x= (%5 o xp) € TR, G 1 Ax € T, K )
= (T2, C) 0 (T A7 KD
CnA'K

= [I7,(C n A7K)
= [Ii2: T


https://journals.unizik.edu.ng/jbpr/
mailto:cs.moore@unizik.edu.ng
mailto:awizadama@gmail.com

Journal of Basic Physical Research Vol.15, Issue 1, March, 2026

The multiple split feasibility problem as we introduced in this paper appears not to have been
considered or studied so far in the literature even though it’s a natural generalization of the
split feasibility problem with real life applications.

Preliminaries
Let X be a metric space. Let f : D(f) € X — Randletx, € D(f). We say that f is lower
semi-continuous at x,, if for every € > 0 there exists §(e) > 0 such that

f(Xp) — € < f(x) Vx € B(%,,6) N D(f)
is lower semi-continuous if it is lower semi-continuous at every element of its domain.
Equivalently ,f : D(f) € X > R is lower semicontinuous at x if and only if
liminf, .z f(x) =2 f(X).
Let (X, lI-ll X) and (Y, lI-Il Y ) be normed spaces and let T: D(T) € X — Y be a linear operator.
The operator T is said to be bounded if there is a real constant ¢ > 0 such that V x €
DMIITxIY < clix]lx.
If T is bounded, the smallest such constant c is called the operator norm of T, denoted by ||
T |I. If T is not bounded on X, then it is said to be unbounded.

Let H be a Hilbert Space with induced norm || - ll, and let T : H — H be a mapping, then T is
non-expansive if it satisfies the condition
ITx) =T I<Ilx -yl Vx,y € H
Let H be a Hilbert space. The following identities hold true
lx + ¥l = llxlI> + 2¢x,y) + lIyll? 2.1
Ix + (A =Dyll* = Alxl* + @ =DllylI> =21 = Dllx — ylI? 2.2)
foranyx,y € Hand A € (0,1).
The adjoint operator of A (bounded linear operator), denoted by A%, is
the unique bounded linear operator A* : H — H such that
(Ax,y) = (x,A%y) (2.3)
where (-,-) denotes the inner product in H.
Let K be a nonempty subset of a Hilbert Space H. The distance from a point x € H to the set
K is given by
dist(x,K) = inf{||lx — y||: y € K}
A sequence {x,} in a Hilbert space H weakly converges to an element x € H if, Vy € H, the
following holds
(Xy) = (x,y) asn - ©
We denote weak convergence of sequence {x,} to x by x,, = x. The set of weak limits of
{x,}, denoted by w,,({x,,}) is defined as
wy ({x,}) = {x € H |3 asubsequence {x,} of {x,} such that x,, — x}
In this notation,x,, — x denotes weak convergence, meaning (x, ,y) = (x,y)Vy € H.
CQ algorithm is an iterative method for solving Split Feasibility Problem(SFP) and was
introduced by Byrne (2002). Let x, be arbitrary. Forn = 0,1,... and a current estimate Xx,,,
the CQ algorithm is defined as
Xnt1 = Pc(I — yA"(I — Po)A)x, 2.4
where, P and P, are orthogonal projection operators onto sets C and Q. A™ is the adjoint of
A. y is a positive step-size parameter often chosen based on operator norms.

Algorithm for Multiple Split Feasibility Problem (MSFP)

The relaxed €Q algorithm applied to solve the SFP can be modified to make it applicable for
solving the MSFP. The closed convex sets C; and Q; (i = 1,2,...,m) are defined as level
sets.
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G ={x € X;: &(x) < 03
Q ={yi €Yy mO) < 0}
where &+ X; - Rand n; : Y; = R are convex functionals. Suppose that &; and 7n; are
differentiable, that is
0§ (x) = {z € X+ &(w) = §(x) + (wy —x,zi),Vu; € X;}# 0Vx; € X
and
oni(yi ={wi €Y ni(wv) 2n(ye) + (Vi —yuwi)) Vv, € i} #0,Vy; €Y,
Suppose that C;, Q; are bounded sets Vi. This guarantees that if {x;,} < X; and {y;,} < Yi
are bounded sequences then {z; ,}, {w; ,,} are sequences such that z;,, € 9¢;(x;,) andw;, €
oni(y;n), then {z; ,} and {w; ,,} are bounded.
Let {C; ,}and {Q; ,} be closed convex sets constructed as follows
Cin = {z; € Xi:§i(Xip) + (Oinzi — x3) < 0}
where 0;,, € 9¢;(x;,) and
Qin = Wi € Vi ni(Aixip) + (Wi Wi — Aixip) < 0}
where .ui,n (S ani(Aixi'n).

Define,

Tin = Pe,,(I = vindi(I — Py, )A;) 2.5
and the iteration process i € {1,...,m},n = 0

Xinty1 = (1 — O)xipn + alypXin (2.6)

Gradient Projection Iterative Algorithm
LetH; (i = 1,...,m) and H be real Hilbert spaces and let C be a closed convex nonempty
subset of H. LetA; : H; - H (i = 1,2,...,m) be a bounded linear operators with adjoint
A; . The multiple split feasibility problem (MSFP) is the problem of finding x; € H; (i =
1,...,m)suchthat 4;x; € CVi = 1,2,...,m.
Let2 = {(x1,....,xy) € [I%,H; |A;x; € C,Vi = 1,2,...,m}

= {(x1,.-.,xp) € [I% H; |Aix; = Pc(A4ix; ), Vi = 1,2,...,m}(2.7)
For arbitrary x; € H;,

Xint1 = (1 — a)xj + apYin, n =200 = 1,2,...,m) (2.8)

Yin = Xin — Bndi (Aixin — Pc(Aixip)), n 200 =1,2,...,m)

(x1,...,xy) € 2

Lemma 1. Let K be a non-empty closed convex subsets of real Hilbert space H, then the
following are equivalent.
1. Py : H — K is the projection operator of H onto K, i.e.
Vx €H llx —PexlI<llx—yl, Vy € K
2.Vx € H, (y — Pgkx,x — PKx) < 0,Vy € K
3.3Vx EH, 1 Pyx —yI°< llx —ylI>—1llx — Pex >, Vy € K

Lemma 2. Let K be a non-empty closed convex subset of a Hilbert space H.
Let {x,,} be a bounded sequence which satisfies the following property.

1. Every weak limit point of {x,,} lies in K and

2.limye Il x, — xll= 0 foreveryx € K

Then {x,,} converges weakly to a point in K

Main Results

Theorem 1. Suppose the MSFP (1.1) is consistent, then the sequence {x,} generated by
algorithm (2.5) converges weakly to a solution of the MSFP(1.1).

46



Journal of Basic Physical Research Vol.15, Issue 1, March, 2026

Proof. If we write
Tin = Pe,,(I = vindi — P, )A)
Then T; ,, is non-expansive and the relaxed CQ algorithm (2.5) is rewritten as
Xin+t1 = (1 - a)xi,n + aTi,nxi,n
= (1 = Oxyy + aPg, (I = vinAi(I = Py, )Ai)Xin, n 20
Moreover, we have T; ,x; = x; Vx; € I'.Recall that x; € I is the
solution set of the MSFP (1.1). It follows that for each x;” € I

* 2 * *
”xi,n+1 - X = ||(1 — )Xy + aPCi,n(I —Yind; (I — PKLn)Ai)xi,n - X

= |1 — )iy + Ochi,n(I —yind; (I — PKi‘n)Ai)xi,n - [ —a)x;p

)
+ ax;]

2

* * * 2
= ”(1 —a)(xin — %) + a[Pe,, (I —Vindi U — Pk, JADXin — xi]
Hence by (2.2)
|Xiner — x| = @ = @)||xin — x| + “”Pci,n(l —VinAi (I = Py, JADXin — X
. 2
—a(l- a)”xi,n - Pci,n (I —vind; 0 - PKi‘n)Ai)xi,n ||
So,
* 2 * 2 * * 2
”xi,n+1 —xi|| =(1- “)llxi,n - x| + “llpci,n(l —Yindi (I — PKi‘n)Ai)xi,n —x/| G.1
Now,
. 12 . o2
”Pci_n(l —VinAi (U = Py JADXin — X[|| < xin — vind; 4 — Py, JAixin — X;
* * 2
= ”(xi,n — X))~ Yind; I — PKi,n)Aixi,n ”
Hence by (2.1)
* «112
”Pci_n(l —Yindi) (I — PKi_n)Aixi,n - X
* 2 * *
< |xin = 7|7 = 2¥indA; (0 = Py, ) AiXin, Xin — X7)
+yZ A2 || - PKi_n)Aixi,n” 2
* 2 *
= ”xi,n — x| — 2y - Pg, JAXi 0, Ai(Xip — x;))
+y2llA N || = Pe,, ) Aixin]| 2 (3.2)

Combining (3.1) and (3.2)
ines = %[ < (A = @lxin = | + allxin — i
=20y (I = Py, VAiXim Ai(Xip = %)) + ayZlA I | (T = Py, ) Aixin| ®
= ||xin — %7 "~ 2ay.( - Py, )AiXin, Ai(Xin — X{))
+ayZ AN = Pe,)Axin]| ® (3.3)
Since A;x; € K S K;, we have:
((I = Py, JAiXin, Aix{ — Pg, AiX;n) <0 by Lemma I
This implies that ' '
((1- PKi’n)Aixi,n)Aixi,n — Ay =((1- PI(i'n)Aixi,n'Aixi,n) —((1- PI(i,n)Aixi,n'Aixi)
=((I - PKi,n)Aixi,n!Aixi,n) —((1- PKi,n)Aixi,n»PKi,nAixi,n)
H((I = Py, ) AiXim P AiXin) — (I = Pi,, ) AiXin AiX?)
=((1 - PKi,n)Aixi,n»Aixi,n — Py, Aixin) + ((1- PKiln)Aixi,n! Py, AiXin — AiX])
=((I- PKi'n)Aixi,n) (1 — Pg, )Aixin) + ((1- PKi,n)Aixi,nf Py, AiXin — Aix])
= |l(r - PKi'n)Aixi,n”Z +{(I = Py, )AiXim P, AiXin — AiX)
= (I = P, JAiXin, Py Arxin — A = || (1 = Pi, YA (34)
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Combining (3.3) and (3.4) we get

|xXines — x; f< l|xin — x; ‘- 2ay;,||(1 - PKi‘n)Aixi,nllz
+ayZ AN | = Py, ) Aixin]| 2

= |lxin = %7 |” = @vin(@ = vinll ;D] (T = Pe,, ) Axin||” (3.5)

In particular,
lim||(7 = P, )Aixi ]| = O (3.6)
Set Vi = Aj(I = Py, )JAXin =0
We next demonstrate that
[%ins1 = xinll =0 3.7
To see this, we note that
2 2
||xi,n+1 - xi,n” = ||xi,n+1 _x; +xi* - xi,n”
= (xi,n+1 _xlik +x£k — XinXin+1 —xf +x£k - xi,n)
= (Xint1 — X Xing1 — X))+ Kins1 — XX — Xip)
+ (X — X Xiner — X)X — X, X — Xip)
= ||xi,n+1 - x;llz + 2<xi,n+1 - x?!xf — Xin+1 — xi,n) + ||xl* - xi,n”2
= [lximer — %" + %7 = xinll” + 20@ner = 2727 = i)
+ (xi,n+1 - xi*vxi,n+1 - xi,n)]

= ||xi,n+1 - x; : + ”xgk - xi,n”2 - 2”xi,n+1 - xik :
, + 2<xi,n+1 - x;'zxi,n+1 - xi,n)
= ”xi,n - x| - ||xi,n+1 = x{|| + 241 — X[ Xin+1 — Xin) (3-8)

On the other hand, since
Xins1 = (1 — a)x;, + aPCi,n(xi,n - Yi,nVi,n)
We have that
(1 — a)x;p + a()’i,n - yi,nVi,n) — Xins1X{ — Xint1)
_ <(1 — @)Xy + a(xi,n - Vi,nVi,n) -1 - a)x;p, — aPCi,n(xi,n - Yi,nVi,n)»>
xi— 1 — a)xjp — aPci,n(xi,n - Yi,nVi,n)

( a(xin = VinVin) — aP ci,n(xi,n — YinVin)s )
1 - a)xi+taxi — (1 — a)x;p— aPCi_n(xi,n — YinVin)

(Xin = VinVin) — PCi_n(xi,n — YinVin), )
(1 — a)(xf —x;) + axi — PCi_n(xi,n — YinVin)

(xi,n - Vi,nVi,n) —P ci,n(xi,n - Yi,nVi,n)'

[(1 - a)(x; _xi,n) + O(XF - PCi_n(xi,n - Vi,nVi,n)]

=a<

= a*(1

a
Let

1 * *

W, = Xin — yi,nVi,nf Yn = E[(l - (Z)(Xi _xi,n) + axi]
Then we have
((1 - a)xi,n + a(yi,n - Yi,nVi,n) _xi,n+1fxi* _xi,n+1>
= a?(W, — Pe, Woy Y — Pci,an> <0 (Lemma 1)
= ((1 - a)xi,n + a()’i,n - yi,nVi,n) _xi,n+1'xi* - xi,n+1 ) <0
= ((1 - a)xi,n + Yin — Xin+1 — 05yi,nVi,nﬂxzik — Xin+1 ) <0
= (xi,n — Xin+1 ) - < ayi,nVi,nv x; — Xin+1 ) <0
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= (xi,n - xi,n+1'x£k — Xin+1 ) - ( ayi,nVi,nr x: — Xin+1 ) <0
= <xi,n - xi,n+1rxl"k - xi,n+1 ) < ( OCYi,nVi,nr x; - xi,n+1 ) < aytn”VLn””xl* - xi,n+1|| — 0
We therefore get from (3.8) that

”xl* - xi,n+1|| —0

Since {x; ,} is bounded which implies that {¢; ,} is bounded, we see that the set of weak limit
points of {x; ,}, wy, (x;,) is non-empty. We now show

Claim: 0, (x;,) € I
Indeed, assume that X; € w,,(x;,) and {xij,nj} is a subsequence of {x; ,} which converges

weakly to X;. Since Xi;pimjy € Cijn;» We Obtain

C(xij,nj) + (fij,nj'xij,njﬂ - xij,nj) S 0
Thus,

C(xij,n]') < _(fij,njrxij,n]’_'_l - xij,ﬂj) < €|xij,n]-+1 - xi]-,n]-”

where || &, | < ¢; foralli.
By virtue of the lower semi-continuity of ¢, we get by (3.7)
c(X) < liminfj,ec(Xjn;) < 0
Therefore, X; € C.
Next, we show that 4;X; € K;, . To see this,
Setyin, = AiXin — Py, AiXin = 0 and let n be such that || y;,, | < 7 for each i.

Then since Aixij,nj ~ Yign; = PKij'ninxi].,n]. € Kl-j,n]. we get

k(Alxl],Tl]) + (T]i]',n]" (Aixi]-,n]- - yij,n]-) _Aixi]-,n]-) S 0

Hence,

k(Aixin) < MignpYign; ) < 0Yignll = 0
By the weak lower semi-continuity of k and the fact that Al-xi]. - A;X; weakly, we arrive at
the conclusion that

k(A;x;) < liminfi e k(AL-xij,nj ) <0

Namely, 4;X; € K;.
Therefore, X; € I;. Now, we can apply Lemma (2) to K; := [} to get that the full sequence
{x; n} converges weakly to a point in [;.

Theorem 2. Suppose that MSFP (1.1) is consistent. Then, the sequence {x; ,,} of successive
approximation generated by algorithm (2.6) converges strongly to a solution of the MSFP.

Proof.
”)’i,n - xi P = ”xi,n — x;i — Bnad; (Aixin _PCiAixi,n)llz

= 2 B (A; (Aixi,n - PCl-Aixi,n)'xi,n - x;)

+ ,3121“14? (Aixin — Pc,Aixin) ||2

fo2 BulA; (Aixin — PeAixin), AiXin — AiX})

+ B2 A2 (Asxim — PeAvxin) ||

”xi,n - x;

= ”xi,n - xi*
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* = 2 BlA; (Axin — PeAixin) Aixin — PeAix;)
— 2 B} (Aixin — Pe,Aixin), Pe,Aixin — Aix])
+ B2 AN (ki — P Aiin) ||

‘o2 Bnl|Aixin — PCiAixi,n”Z

+ B2 AN (ki — PeAiin) ||

* — Ba(2 = Bu 1A 11D || Ao — Pe,Asxin|”

= ”xi,n - xi*

= ”xi,n - xi*

= ”xi,n - xi*

Now,

||xi,n+1 - X
=(1- an)”xi,n —x;
< (1 —a)||xin — x;

2

*

’ = ”(12_ an)xi,n + AnYin — X; )
+ arzlllyi,n - x? - an(l - an)”xi,n - yi,n”Z

2

- an(l - an)”xi,n - yi,n”

*

2
+ an”yi,n — X

< (1 - an) Xin — x: ’ + an”yi,n - xz* : - anﬁn(z - ﬁn ”A:llz)” Aixi,n - PCiAixi,n”2
2 2

< ”xi,n - x; - aan(Z - Bn ”A:HZ)” Aixi,n - PCiAixi,n”
Suppose that

a, € [,1] , B, € [B1] Vn for of > 0
Then,
xines = %[ < ln — 27 [1° = aB@ = B 1A Axin — PeAiinl|”
Let,

m

D, (x],...,x;) = znxi.n - X g

Then, =

2

*

m
Dn+1(xik» Ry xr*n) = ||xi,n+1 — X
1

i=

IA

m
> (i
i=1

1

"= B2 = BIAIP| Ao — PeAiin”)
m

* * * 2
= Dn+1(x1; ey xm) - aﬁ E ((2 - B ”AL ”2)” Aixi,n - PCiAixi,TL” )
i=1

So that

m
* 2 * * * *
a8 ) (@ = B4 Atin = Peia]) < DuGeise %) = Dan G- 63)

i=1

aB ) i ((2 = BIAIIP| Aixin — PciAixi,nllz)

n=0 i=1

< Z{Dn(xff Y] x;kn) - Dn+1(xi<f Y] xr*n)}
n=0
=Dy(x],..., %)
Thus,

lim || Ay — PeAixin|” =0
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So that {x; ,} is an approximate solution sequence (ASS) for the MSFP.
lim [l — yinll = BIAII lim [| Axiy = PeAixin|| = 0
Now,
Dpir(x1,...,x%0) < Dp(X1,..., %), Vn =0
Hence {D,(x],...,x;)}is bounded and il_r)?o D, (x1,...,xn) exists.

Conclusion

Our modified iterative scheme generalizes some of the existing ones. Our theorem
improves, generalizes and extends several known results and our method of proof is of
independent interest.
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